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Abstract. In these short notes we characterize the loxodromic unit vector fields on antipodally
punctured Euclidean spheres as the only ones achieving a lower bound for the volume functional
depending on the Poincare´ indexes around their singularities.
1. Introduction and statement of the results
Let M be a closed oriented Riemannian manifold and ∇ the Levi Civita connection. Let
{ea}na=1 be an orthonormal local frame in M and ~v : M → T 1M a unit vector field on M , where
T 1M is equipped with the Sasaki metric. The volume of ~v is defined on [7] and [9] as
vol(~v) =
∫
M
(
1 +
n∑
a=1
‖∇ea~v‖2 +
∑
a1<a2
‖∇ea1~v ∧∇ea2~v‖2 + · · ·
· · · +
∑
a1<···<an−1
‖∇ea1~v ∧ · · · ∧ ∇ean−1~v‖2
) 1
2
ν,(1)
where ν denote the volume form for {ea}na=1.
Clearly vol(~v) ≥ vol(M) and vol(~v) = vol(M) if and only if ~v is a parallel field. Such vector
fields are rare because if M admits a unit parallel vector field, then M is locally a Riemannian
product. In spheres of even dimension, the vector field with isolated singularities arises naturally
in the study of the volume functional. When M is an antipodally punctured sphere, a relation
between the volume and the Poincare´ index of the vector field was established in [3].
Theorem 1. (see Brito, Chaco´n, Johnson [3]) Let M = Sn\ {N,S}, n = 2 or 3, be the standard
Euclidean sphere where two antipodal points N and S are removed. Let ~v be a unit vector field
defined on M . Then,
(a) for n = 2, vol(~v) ≥ 1
2
(pi + |I~v(N)|+ |I~v(S)| − 2)vol(S2),
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(b) for n = 3, vol(~v) ≥ (|I~v(N)|+ |I~v(S)|)vol(S3),
where I~v(P ) stands for the Poincare´ index of ~v around P .
It follows from the Theorem’s 1 proof, that the north-south unit vector field realizes this
lower bound. A natural question arises: Is this the only one with this property? The answer is
no. We prove that the loxodromic unit vector fields are unique with this property. Precisely:
Theorem 2. The lower bound for the volume functional on S2\{N,S} is realized if, and only
if, ~v is a loxodromic unit vector field.
2. Preliminaries
Let M = S2\ {N,S} be the standard Euclidean sphere whose two antipodal points N and
S are removed. Denote by g the usual metric of S2 induced from R3, and by ∇ the Levi-Civita
connection associated to g. Let ~v be an unit vector field in M . We compute the volume of ~v
making use of a global orthornormal special frame and using the Levi-Civita conection ∇ of
M . Consider the oriented orthonormal local frame
{
e1 = ~v
⊥, e2 = ~v
}
on M and its dual basis
{ω1, ω2}. The connection 1-forms of ∇ are ωij(X) = g(∇Xej, ei) for i, j = 1, 2 where X is a
vector in the corresponding tangent space. In dimension 2, the volume (1) reduces to
vol(~v) =
∫
S2
√
1 + κ2 + τ 2ν,(2)
where κ = g(∇~v~v,~v⊥) is the geodesic curvature of the integral curves tangent to ~v and τ =
g(∇v⊥~v,~v⊥) is the geodesic curvature of the curves orthogonal to ~v. Also,
ω12 = τω1 + κω2.
In a sphere, a loxodromic (or rhumb line) is a curve crossing all parallels at the same angle.
Because of their nature, these curves spiral towards the poles, as can see at the Figure 1. Let
us define loxodromic vector field.
Definition 1. A loxodromic unit vector field in M is an unit vector field that forms a
constant angle along each parallel in S2.
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Observe that the north-south unit vector field is a loxodromic unit vector field in M .
Figure 1. Loxodromic curve on S2
Let S1ϕ be the parallel of S2 at latitude ϕ ∈ (−pi2 , pi2 ), figure 2. Let {~u, ~n} be an oriented
frame where ~u is tangent to S1ϕ and ~n is parallel to a south-north meridian. Let θ ∈ [0, pi/2] be
the oriented angle from ~u to ~v. Then ~u = sin θ~v⊥ + cos θ~v.
Figure 2. S1ϕ be the parallel of S2 at latitude ϕ ∈ (−pi2 , pi2 ).
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3. Proof of the theorem
Consider S2 = S+ ∪ S−, where S+ and S− are the northern and southern hemisphere,
respectively.
Lemma 1. Let ~v be an unit vector field. If ~v satisfies |sinϕ| = √κ2 + τ 2 cosϕ then, ~v realize
the lower bound for the volume on S2. On the other hand, if ~v realize the lower bound for the
volume on S2, then ~v satisfies
i) |sinϕ| =
√
κ2 + τ 2 cosϕ and ii)κ sin θ = τ cos θ.(3)
Proof. Let ~v be satisfying |sinϕ| = √κ2 + τ 2 cosϕ.
We analyze two cases: north and south.
In the first case consider the northern hemisphere S+.
Remember the general inequality,
√
a2 + b2 ≥ |a cos β + b sin β|. If b cos β = a sin β then,
(4)
√
a2 + b2 = |a cos β + b sin β| .
for any a, b, β ∈ R.
Considering the positive part of |sinϕ| = √κ2 + τ 2 cosϕ and (4), we have
√
1 + κ2 + τ 2 = | cosϕ+
√
κ2 + τ 2 sinϕ|.
As we are in the S+, i.g. 0 ≤ ϕ < pi/2, implies that
√
1 + κ2 + τ 2 = cosϕ+
√
κ2 + τ 2 sinϕ,
and by the hypotheses, we get
(5)
√
κ2 + τ 2 = tanϕ.
Then
(6)
√
1 + κ2 + τ 2 = cosϕ+
√
κ2 + τ 2 sinϕ = cosϕ+ tanϕ sinϕ
where 0 ≤ ϕ < pi/2.
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Denote by ν ′ the induced volume form to S1ϕ. From (2) and (6) we conclude
(7) vol(~v)|S+ =
∫
S+
cosϕ+
√
κ2 + τ 2 sinϕν
=
∫ pi
2
0
∫
S1ϕ
cosϕ+ tanϕ sinϕν ′dϕ
= 2pi
∫ pi
2
0
cos2 ϕ+ sin2 ϕdϕ = pi2.
For the second case, consider the southern hemisphere S−.
In this part −pi/2 < ϕ ≤ 0, (4) together with the negative part of |sinϕ| = √κ2 + τ 2 cosϕ
we have
√
1 + κ2 + τ 2 =
∣∣∣cosϕ−√κ2 + τ 2 sinϕ∣∣∣ .
Observe that sinϕ ≤ 0 and cosϕ ≥ 0 implies
(8)
∣∣∣cosϕ−√κ2 + τ 2 sinϕ∣∣∣ = cosϕ−√κ2 + τ 2 sinϕ.
and
√
κ2 + τ 2 = |tanϕ| = − tanϕ.
We attain
(9) vol(~v)|S− =
∫
S−
cosϕ−
√
κ2 + τ 2 sinϕν
=
∫ 0
−pi
2
∫
S1ϕ
cosϕ− |tanϕ| sinϕν ′dϕ
=
∫ 0
−pi
2
∫
S1ϕ
cosϕ− (− tanϕ) sinϕν ′dϕ
= 2pi
∫ 0
−pi
2
cos2 ϕ+ tanϕ sinϕ cosϕdϕ = pi2.
From (7) and (9) we get the volume of ~v is vol(~v)|S2 = 2pi
2 = pi
2
vol(S2). We conclude that ~v
realizes the lower bound for the volume on S2.
Notice that the integral of i∗ω12, where i is the inclusion of S1ϕ in S2, give us the indices of
singularities (see [6]) and, in our case, I~v(N) = I~v(S) = 1.
We now show that the ~v satisfies the conditions i) and ii) if, ~v realizes the lower bound for
the volume on S2.
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It follows from the proof of Theorem’s 1 in 1 that the condition
√
1 + κ2 + τ 2 =
∣∣∣cosϕ+√κ2 + τ 2 sinϕ∣∣∣ = |cosϕ+ |κ cos θ + τ sin θ| sinϕ| .
is a consequence of vol(~v) = pi
2
vol(S2).
In the case 0 ≤ ϕ < pi/2, the first equality implies sinϕ = √κ2 + τ 2 cosϕ. If −pi/2 < ϕ ≤
0, in S−, then 0 ≤ −ϕ < pi/2 so sin(−ϕ) = √κ2 + τ 2 cos(−ϕ) or − sinϕ = √κ2 + τ 2 cosϕ,
therefore |sinϕ| = √κ2 + τ 2 cosϕ for −pi/2 < ϕ < pi/2. From second equality we get the
condition ii). 
Lemma 2. Let M be a 2-dimensional Riemannian manifold. If ~v be a unit vector field in M
and {~u, ~n} be an oriented frame. Then
κ = −θ~v − cos θg(∇~u~u, ~n) and τ = −θ~v⊥ + sin θg(∇~u~n, ~n).
Proof. Computing κ = g(∇~v~v,~v⊥). Without loss of generality we may assume θ ∈ (0, pi/2], so
~v = cos θ~u+ sin θ~n and ~v⊥ = sin θ~u− cos θ~n.
Thus,
∇~v~v =
[
cos2 θ∇~u~u+ cos θ sin θ∇~n~u+ ~v(cos θ)~u
]
+
[
cos θ sin θ∇~u~n+ sin2 θ∇~n~n+ ~v(sin θ)~n
]
and
g
(∇~v~v,~v⊥) = g ([cos2 θ∇~u~u+ cos θ sin θ∇~n~u+ ~v(cos θ)~u] , ~v⊥)
+g
([
cos θ sin θ∇~u~n+ sin2 θ∇~n~n+ ~v(sin θ)~n
]
, ~v⊥
)
= g
(
cos2 θ∇~u~u,~v⊥
)︸ ︷︷ ︸
a
+ g
(
cos θ sin θ∇~n~u,~v⊥
)︸ ︷︷ ︸
b
+ g
(
~v(cos θ)~u,~v⊥
)︸ ︷︷ ︸
c
+ g
(
cos θ sin θ∇~u~n,~v⊥
)︸ ︷︷ ︸
d
+ g
(
sin2 θ∇~n~n,~v⊥
)︸ ︷︷ ︸
e
+ g
(
~v(sin θ)~n,~v⊥
)︸ ︷︷ ︸
f
,
where
a = g
(
cos2 θ∇~u~u,~v⊥
)
= cos2 θ sin θg (∇~u~u, ~u)− cos3 θg (∇~u~u, ~n) = − cos3 θg (∇~u~u, ~n) .
b = g
(
cos θ sin θ∇~n~u,~v⊥
)
= cos θ sin2 θg (∇~n~u, ~u)− cos2 θ sin θg (∇~n~u, ~n) .
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c = g
(
~v(cos θ)~u,~v⊥
)
= ~v(cos θ) sin θ = −θ~v sin2 θ.
d = g
(
cos θ sin θ∇~u~n,~v⊥
)
= cos θ sin2 θg (∇~u~n, ~u)− cos2 θ sin θg (∇~u~n, ~n) .
e = g
(
sin2 θ∇~n~n,~v⊥
)
= sin3 θg (∇~n~n, ~u)− cos θ sin2 θg (∇~n~n, ~n) = sin3 θg (∇~n~n, ~u) .
f = g
(
v(sin θ)~n,~v⊥
)
= ~v(sin θ) cos θ = −θv cos2 θ.
By orthogonality between ~u and ~n,
g(∇~n~n, ~u) = g(∇~n~u, ~u) = 0.
Then,
g
(∇~v~v,~v⊥) = − cos3 θg (∇~u~u, ~n)− θ~v sin2 θ + cos θ sin2 θg (∇~u~n, ~u)− θ~v cos2 θ.
= −θ~v +
[
(− cos3 θ − cos θ sin2 θ)g (∇~u~u, ~n)
]
= −θ~v + [− cos θg (∇~u~u, ~n)] .
Therefore,
κ = −θ~v − cos θg (∇~u~u, ~n) .
A similar computation leads to
τ = −θ~v⊥ + sin θg(∇~u~n, ~n).

The proof of Theorem 2: We begin by proving if ~v realizes the lower bound for the
volume on S2 then, ~v is a loxodromic unit vector field. If 0 ≤ ϕ < pi/2, from Lemma 1 we have
i) sinϕ =
√
κ2 + τ 2 cosϕ and ii)κ sin θ = τ cos θ.
By condition ii)
θ 6= pi/2 ⇒ τ = κ tan θ,
θ = pi/2 ⇒ κ = 0.
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Considering θ 6= pi/2, we have
(10)
√
κ2 + τ 2 =
√
κ2 + κ2 tan2 θ =
√
κ2(1 + tan2 θ) = |κ|
√
sec2 θ = |κ sec θ| = |κ||cos θ| .
Finally, from (5) and (10) we write the geodesic curvature in the integral curves of ~v as
(11) |κ| = cos θ tanϕ.
Observe that, if θ = pi/2 then |κ| = 0 and τ = | tanϕ|. For θ 6= pi/2, κ = cos θ tanϕ. So
(12) κ = cos θ tanϕ ⇒ τ = sin θ tanϕ
Note that the case is similar if we consider θ ∈ (pi/2, pi].
By Lemma 2 the geodesic curvature of curves integral tangent to ~v is −θ~v− cos θg(∇~u~u, ~n).
Observe that g(∇~u~u, ~n) = − tanϕ, in that way
(13) κ = −θ~v + cos θ tanϕ.
Using (12) in (13) we conclude that −θ~v = 0. So the unit vector field ~v is a loxodromic unit
vector field.
Now, consider ~v as a loxodromic unit vector field. From Lemma 2 we have
κ = −θ~v − cos θg (∇~u~u, ~n) and τ = −θ~v⊥ + sin θg(∇~u~n, ~n).
Observe that,
g(∇~u~u, ~n) = − tanϕ and g(∇~u~n, ~n) = tanϕ,
in that way
κ = −θ~v + cos θ tanϕ and τ = −θ~v⊥ + sin θ tanϕ,
since ~v is a loxodromic unit vector field, then −θ~v = −θ~v⊥ = 0. Therefore,
(14) κ = cos θ tanϕ and τ = sin θ tanϕ.
Substituting (14) in
√
κ2 + τ 2 we obtain√
tan2 ϕ = |tanϕ| .
It implies,
|sinϕ| =
√
κ2 + τ 2 cosϕ,
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for −pi/2 < ϕ < pi/2. From Lemma 1, we conclude that ~v realizes the lower bound for the
volume on S2.
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